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A SYMPLECTIC MAP BETWEEN HYPERBOLIC AND COMPLEX TEICHMÜLLER
THEORY
KIRILL KRASNOV AND JEAN-MARC SCHLENKER
Abstrat. Let S be a losed, orientable surfae of genus at least 2. The spae TH ×ML, where TH is the
hyperboli Teihmüller spae of S and ML is the spae of measured geodesi laminations on S is naturally
a real sympleti manifold. The spae CP of omplex projetive strutures on S is a omplex sympleti
manifold. A relation between these spaes is provided by the Thurston's grafting map Gr. We prove that this
map, although not smooth, is sympleti. The proof uses a variant of the renormalized volume dened for
hyperboli ends.
1. Introdution and main results
In all the paper S is a losed, orientable surfae of genus g at least 2, T is the Teihmüller spae of S, CP
the spae of omplex projetive strutures on S, and ML be the spae of measured laminations on S.
1.1. The hyperboli Teihmüller spae. There are several quite distint ways to dene the Teihmüller
spae of S, e.g., as the spae of omplex strutures on S, or as a spae of (partiular) representations of π1(S) in
PSL(2,R) (modulo onjugation). In this subsetion we onsider what an be alled the hyperboli Teihmüller
spae, dened as the spae of hyperboli metris on S, onsidered up to isotopy. In this guise it is sometimes
alled the Frike spae of S. Here we denote this spae by TH to remember its hyperboli nature. This
desription emphasizes geometri properties of T , while some other properties, notably the omplex struture
on T , remain silent in it.
There is a natural identiation between TH ×ML and the otangent bundle of TH , whih an be dened
as follows. Let l ∈ ML be a measured lamination on S. For eah hyperboli metri m ∈ TH on S, let Lm(l) be
the geodesi length of l for m (as studied e.g. in [Ker83, Wol87℄). Thus m 7→ Lm(l) is a funtion on T , whih
is dierentiable. For m0 ∈ TH , the dierential of m 7→ Lm(l) at m0 is a vetor in T
∗
m0
TH , whih we all δ(m, l).
This denes a funtion δ : TH ×ML → T
∗TH , whih is the identiation we wish to use here. It is proved in
setion 2 (see Lemma 2.3) that δ is indeed one-to-one (this fat should be quite obvious to the speialists, a
proof is inluded here for ompleteness). It was proved by Bonahon (see [Bon96℄) that δ is tangentiable, that
is, the image by δ of a tangent vetor is well-dened. Moreover the tangent map is invertible at eah point.
Let ωH denote the otangent sympleti struture on T
∗TH . The map δ an be used to pull-bak to ωH to
TH ×ML, therefore making TH ×ML into a sympleti manifold. Somewhat abusing notations, we all ωH
again the sympleti form on TH ×ML obtained in this manner. A more involved but expliit desription on
ωH on TH ×ML is realled below in subsetion 1.8.
Note that the identiation δ between TH ×ML and T
∗TH is not idential with the better known identi-
ation, whih goes through measured foliations and quadrati dierentials, see e.g. [FLP91℄.
1.2. The omplex Teihmüller spae and omplex projetive strutures. We now onsider the om-
plex Teihmüller spae of S, denoted here by TC , whih is the spae of omplex strutures on S. Of ourse
there is a anonial identiation between TH and TC  there is a unique hyperboli metri in eah onformal
lass on S. However, as this map is not expliit, it appears helpful to keep in mind the distintion between the
two viewpoints. Note that the term omplex ould be used here in two dierent, albeit related meanings. One
is the above denition of TC as the spae of omplex strutures on S. The other is related to the well-known
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deformation theory of TC in terms of Beltrami dierentials. It is in this point of view that the omplex stru-
ture on TC beomes manifest. So, it is useful to keep in mind that the omplex refers both to the omplex
strutures on S and on TC itself.
Now let CP denote the spae of (equivalene lasses of) CP 1-strutures (or omplex projetive strutures) on
S. Reall that a (omplex) projetive struture on S is an maximal atlas of harts from S into CP 1 suh that
all transition maps are Möbius transformations. Suh a struture naturally yields a holonomy representation
hol : π1(S)→ PSL(2,C), as well as an hol(π1(S))-equivariant developing map dev : S˜ → CP
1
.
There is a natural relation between omplex projetive strutures on S and omplex strutures along with a
holomorphi quadrati dierential on S. Thus, let σ be a omplex projetive struture on S, and let σ0 be the
Fuhsian CP 1-struture on S obtained by the Fuhsian uniformization of the omplex struture underlying
σ. Then the Shwarzian derivative of the omplex map from (S, σ0) to (S, σ) is a quadrati dierential q on S,
holomorphi with respet to the onformal struture c of both σ and σ0, and the map sending σ to (c, q) is a
homeomorphism, see e.g. [Dum08, MM00℄.
Reall also that the spae of ouples (c, q) where c is a omplex struture on S and q is a quadrati holomorphi
dierential on (S, c) is naturally identied with the omplexied otangent bundle of TC , see e.g. [Ahl66℄. Thus,
CP is naturally a omplex sympleti manifold. We denote the assoiated (omplex) sympleti form by ωC,
and its real part by ωC .
An equivalent way to desribe the omplex sympleti struture on CP is via the holonomy representation.
This viewpoint naturally leads to a omplex sympleti struture on CP, see [Gol84℄, dened in terms of the
up-produt of two 1-ohomology lasses on S with values in the appropriate Lie algebra bundle over S. We
all this omplex sympleti struture ωG here. The fat that this omplex sympleti struture is the same
(up to a onstant) as ωC was established by Kawai [Kaw96℄.
Note that Kawai [Kaw96℄ uses another way to assoiate a holomorphi quadrati dierential to a omplex
projetive struture on S, using as a referene point a omplex projetive struture given by the simultaneous
uniformization (Bers slie) instead of the Fuhsian struture σ0. This identiation is not as anonial as the
one above, as it depends on a hosen referene onformal struture needed for the simultaneous uniformization.
It turns out that the sympleti struture obtained in this way on CP is independent of the referene point
and is the same as the one oming from the above onstrution using the Fuhsian projetive struture σ0, see
Lemma 4.8.
1.3. The grafting map. The hyperboli and the omplex desriptions of Teihmüller spae behave dier-
ently in some key aspets, and it is interesting to understand the relation between them. Suh a relation is
given by the well-known grafting map Gr : TH ×ML 7→ CP.
The grafting map is dened as follows. When m ∈ TH is a hyperboli metri and l ∈ ML is a weighted
multiurve, Grl(m) an be obtained by utting (S,m) open along the leaves of l, gluing in eah ut a at
ylinder of width equal to the weight of the urve in l, and onsidering the omplex projetive struture
underlying this metri. This map extends by ontinuity from weighted multiurves to measured laminations, a
fat disovered by Thurston, see e.g. [Dum08℄. Out of Gr one an obtain a map from the Teihmüller spae
to itself by xing a measured lamination l ∈ ML and reading the onformal struture underlying Grl(m),
this map is known to be a homeomorphism, see [SW02℄. Grafting on a xed hyperboli surfae also denes a
homeomorphism between ML and T , see [DW07℄.
It is possible to ompose δ−1 : T ∗TH → TH×ML with the grafting map Gr : TH×ML→ CP. The resulting
map between smooth manifolds is tangentiable by the results mentioned above, but turns out to be smoother.
Lemma 1.1. Gr ◦ δ−1 : T ∗TH → CP is C
1
.
The proof is in setion 2.
Our main result in this paper is that this omposed map is sympleti. This an be stated as follows, using
the sympleti struture indued on T ×ML by ωH .
Theorem 1.2. The pullbak of the sympleti form ωC on CP by the grafting map is the form ωH on TH×ML,
up to a fator of 2: Gr∗ωC = 2ωH .
The meaning of the theorem is easier to see when onsidering the omposed map Gr ◦ δ−1 : T ∗TH → CP.
Sine this map is C1 by Lemma 1.1, one an use it to pull bak the sympleti form ωC .
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What the proof shows is that the image by Gr of the Liouville form of 2ωH is the Liouville form of ωC plus
the dierential of a funtion. Below we shall give an alternative statement of the above theorem in terms of
Lagrangian submanifolds.
Our proof of Theorem 1.2 is based on geometrially nite 3-dimensional hyperboli ends. We reall this
notion in the next subsetion.
1.4. Hyperboli ends.
Denition 1.3. A hyperboli end is a 3-manifold M , homeomorphi to S×R>0, where S is a losed surfae
of genus at least 2, endowed with a (non-omplete) hyperboli metri suh that:
• the metri ompletion orresponds to S × R≥0,
• the metri g extends to a hyperboli metri in a neighbourhood of the boundary, in suh a way that
S × {0} orresponds to a pleated surfae,
• S × R>0 is onave in the neighbourhood of this boundary.
Given suh a hyperboli end, we all ∂0M the metri boundary orresponding to S × {0}, and ∂∞M the
boundary at innity. We all GS the spae of those hyperboli ends.
It is simpler to onsider a quasifuhsian hyperboli manifold N . The omplement of its onvex ore is the
disjoint union of two hyperboli ends. However a hyperboli end, as dened above, does not always extend to a
quasifuhsian manifold. Note also that the hyperboli ends as dened here are always onvex o-ompat, so our
denition is more restritive than others found elsewhere, and the longer name onvex o-ompat hyperboli
end would perhaps be more preise. We do not onsider here degenerate hyperboli ends, with an end invariant
whih is a lamination rather than a onformal struture; the fat that S × {0} is a onvex pleated surfae in
our denition prevents the other end from being degenerate at innity.
There are two natural ways to desribe a hyperboli end, either from the metri boundary or from the
boundary at innity, both of whih are well-known. On the metri boundary side, ∂0M has an indued metri
m whih is hyperboli, and is pleated along a measured lamination l. It is well known that m and l uniquely
determine M , see e.g. [Dum08℄.
In addition, ∂∞M arries naturally a omplex projetive struture, σ, beause it is loally modelled on the
boundary at innity of H3 and hyperboli isometries at at innity by Möbius transformations. This omplex
projetive struture has an underlying onformal struture, c. Moreover the onstrution desribed above
assigns to ∂∞M a quadrati holomorphi dierential q, whih is none other than the Shwartzian derivative of
the omplex map from (S, σ0) to (S, σ). It follows from Thurston's original onstrution of the grafting map
that σ = Grl(m).
1.5. Convex ores. Before we desribe how the above hyperboli ends an be of any use for the questions
onsidered in this paper, let us onsider what is perhaps a more familiar situation. Thus, onsider a hyperboli
3-manifold with boundary N , whih admits a onvex o-ompat hyperboli metri. We all G(N) the spae
of suh onvex o-ompat hyperboli metris on N . Let g ∈ G, then (N, g) ontains a smallest non-empty
subset K whih is geodesially onvex (any geodesi segment with endpoints in K is ontained in K), its onvex
ore, denoted here by CC(N). CC(N) is then homeomorphi to N , its boundary is the disjoint union of losed
pleated surfaes, eah of whih has an indued metri whih is hyperboli, and eah is pleated along a measured
geodesi lamination, see e.g. [EM86℄. So we obtain a map
i′ : G(N)→ TH(∂N)×ML(∂N) .
Composing i′ with the identiation δ between TH ×ML and T
∗TH , we obtain an injetive map
i : G(N)→ T ∗TH(∂N) .
Theorem 1.4. i(G(N)) is a Lagrangian submanifold of (T ∗TH(∂N), ωH).
The map i is not smooth, but as the map δ dened above it is tangentiable (see [Bon98a, Bon98b℄). The
natural map from G(N) to the spae of omplex projetive struture on eah onneted omponent of the
boundary at innity is smooth, and it follows from Theorem 2.4 that i is C1.
The proof given below shows that the restrition to i(G(N)) of the Liouville form of T ∗TH(∂N) is the
dierential of a funtion.
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The reason for onsidering onvex ores in our ontext will beome lear in the next two subsetions.
1.6. Kleinian reiproity. There is a diret relationship between Theorem 1.4 and Theorem 1.2, in that
Theorem 1.4 an be onsidered as a orollary of Theorem 1.2. This goes via the so-alled Kleinian reiproity
of MMullen. Thus, onsider a Kleinian manifoldM , and let G(M) be the spae of omplete onvex o-ompat
hyperboli metris on M . Eah g ∈ G(M) gives rise to a projetive struture on the boundary at innity ∂∞M .
This gives an injetive map j : G(M)→ T ∗TC(∂∞M).
Theorem 1.5 (MMullen [MM00℄). j(G(M)) is a Lagrangian submanifold of (T ∗TC(∂∞M), ωC).
This statement is quite analogous to Theorem 1.4, with the only dierene being that the hyperboli
otangent bundle at boundaries of the onvex ore is replaed by the omplex one. This statement (under a
dierent formulation) is proved in the appendix of [MM00℄ under the name of Kleinian reiproity, and is an
important tehnial statement allowing the author to prove the Kähler hyperboliity of Teihmüller spae.
Let us note that Theorem 1.4 is a diret onsequene of Theorem 1.5 and of Theorem 1.2. This will beome
more lear below when we present another statement of Theorem 1.2. Below we will give a diret proof of
Theorem 1.4, thus also giving a more diret proof of the Kleinian reiproity result.
Using the result of Kawai [Kaw96℄ already mentioned above, Theorem 1.5 is equivalent to the fat that the
subspae of omplex projetive strutures on ∂N obtained from hyperboli metris on N is a Lagrangian sub-
manifold of (CP(∂N), Re(ωG)), a fat previously known to Kerkho through a dierent, topologial argument
involving Poinaré duality (personal ommuniation).
1.7. A Lagrangian translation of Theorem 1.2. In a similar vein to what we have done above, let us
onsider the spae GS of hyperboli ends. Eah suh spae gives a point in TH ×ML for its pleated surfae
boundary, and a point in T ∗TC for its boundary at innity. Thus, omposing this with the map δ we get an
injetive map:
k : G → T ∗TH × T
∗TC .
Our main Theorem 1.2 an then be restated as follows:
Theorem 1.6. k(G) is a Lagrangian submanifold of T ∗TH × T
∗TC .
We will atually prove our main result in this version, whih is learly equivalent to Theorem 1.2. Let us
stress again that k(G) is not smooth, but only the graph of a C1 map.
1.8. The intersetion form and ωH . An eient ombinatorial desription of TH was given in the work of
Thurston on earthquakes. Later, a powerful analytial realization of the same ideas was developed in a series
of papers by Bonahon [Bon96℄, [Bon97℄. The earthquake desription of TH is somewhat related to a muh
earlier parametrization of the same spae in terms of the Fenhel-Nielsen oordinates, whose idea is to glue a
Riemann surfae from pairs of pants, the pants being haraterized by the length of their boundary omponents
and the gluing being haraterized by twists parameters. Thurston's earthquake desription of TH desribes
a hyperboli metri m ∈ TH as obtained by a left earthquake on a measured lamination from another base
hyperboli metri m0. It is remarkable that this measured lamination ompletely determines the earthquake,
and is in turn ompletely determined by the two metris m,m0 ∈ TH .
Thus, in Thurston's desription the hyperboli Teihmüller spae is parametrized by the spae of measured
geodesi laminations. However, the spae ML does not possess a natural dierentiable struture, whih makes
the analysis on this spae hardly possible. One of the key ahievements of the works of Bonahon [Bon96℄,
[Bon97℄ was to develop the alulus on ML using R-valued transverse oyles or, equivalently, transverse
Hölder distributions for geodesi laminations. Essentially, Bonahon gave a very elegant desription of the
tangent spae to ML. This allowed him to provide a haraterization of the spae TH itself as homeomorphi
to an open one in a vetor spae H(λ,R) of R-valued transverse oyles for a lamination λ, see Theorem
A in [Bon96℄, and also prove that the vetor elds tangent to ML are Hamiltonian vetor elds with respet
to Thurston's sympleti struture on H(λ,R), with the Hamiltonian funtion being essentially the hyperboli
length, see in [Bon96℄.
In a later work Bonahon and Sözen [SB01℄ established that the Thurston's sympleti form on H(λ,R) is
(up to a onstant) an image of the Weil-Petersson sympleti form on TH under the homeomorphism of this
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spae into H(λ,R). The proof goes through Goldman's haraterization of the Weil-Petersson sympleti form
in terms of a up produt in a twisted ohomology group [Gol84℄. Thus, Bonahon's desription of TH in terms of
shearing oordinates an be said to provide a sympleti map from TH with its usual Weil-Petersson sympleti
form to the vetor spae H(λ,R) with its Thurston's sympleti form. Theorem 1.2 an be onstrued as an
analog onerning related but twie bigger spaes: on one hand TH×ML, on the other the spae CP of omplex
projetive strutures on S.
The spae TH ×ML is naturally a real sympleti manifold. The length funtion has an extension Lm :
H(λ,R) → R, l˙ ∈ H(λ,R) → Lm(l˙) ∈ R to geodesi laminations with transverse oyles, where it an be
interpreted as a dierential of the orresponding funtion on ML, see [Bon96℄. Now, given a vetor eld m˙
tangent to TH we obtain a pairing Lm˙(l˙) as the derivative of Lm(l˙) in the diretion of m˙. Consider the following
two-form on TH ×ML:
ω′H((m˙1, l˙1), (m˙2, l˙2)) = Lm˙1(l˙2)− Lm˙2(l˙1).(1)
Lemma 1.7. ω′H = ωH .
Proof. Let (m, l) ∈ T ×ML, then δ(m, l) = (m, dL·(l)) ∈ T
∗TH . Denote by β the Liouville form of (T
∗TH , ωH),
so that, if (m,u) ∈ T ∗TH and (m˙, u˙) ∈ T(m,u)T
∗TH , then
β(m˙, u˙) = u(m˙) .
If (m˙, l˙) ∈ T (T ×ML) then β(dδ(m˙, l˙)) = Lm˙(l). This orresponds preisely to the Liouville form of ω
′
H , the
result follows. 
1.9. Another possible proof ? Let us note that an alternative proof that only uses 2-dimensional quantities
may be possible, based essentially on the result of [SB01℄.
1
For this one would need to extend the ideas developed
in this work to shear-bend oordinates on TH ×ML, and show that the sympleti form ωH on H(λ,R) extends
to a omplex sympleti form on the vetor spae of omplex-valued oyles for λ. Presumably this omplex
sympleti form would then oinide with the omplexied Thurston sympleti form on H(λ,C).
Aording to [SB01℄, Thurston's sympleti form on H(λ,R) is equal to the Weil-Petersson sympleti form
on the real harater variety. This equality should extend to the omplexied Thurston sympleti form and
the Weil-Petersson sympleti form on the omplex harater variety, beause both are holomorphi.
But it was proved by Kawai [Kaw96℄ that the Weil-Petersson form on the omplex harater variety orre-
sponds to the omplex sympleti otangent sympleti form on T ∗TC , and Theorem 1.2 should follow.
Note that this line of reasoning is quite dierent from the the proof onsidered below, whih uses mostly
the Bonahon-Shläi formula in Lemma 2.1 (or more preisely the dual formula in Lemma 2.2). Therefore the
arguments outlined in this subsetion ould be ombined with those developed below, for instane to obtain a
new proof of Kawai's result [Kaw96℄ from the results of [SB01℄, holomorphi ontinuation, and the use of the
renormalized volume.
1.10. Cone singularities. One interesting feature of the arguments used here is that they appear likely to
extend to the setting of hyperboli surfaes with one singularities of angle less than π. One should then use
hyperboli ends with partiles, i.e., one singularities of angle less than π going from the interior boundary
to the boundary at innity, as already done in [KS07℄ and to some extent in [KS08℄.
A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2. The Shläfli formula and the dual volume
In this setion we reall the Shläi formula, rst in the simple ase of hyperboli polyhedra, then in the
more involved setting of onvex ores of hyperboli 3-manifolds (as extended by Bonahon). We then dedue
from Bonahon's Shläi formula a dual formula for the rst-order variation of the dual volume of the onvex
ore. Finally we give the proof of Lemma 1.1.
2.1. The Shläi formula for hyperboli polyhedra. Let P ⊂ H3 be a onvex polyhedron. The Shläi
formula (see e.g. [Mil94℄) desribes the rst-order variation of the volume of P , under a rst-order deformation,
in terms of the lengths and the rst-order variations of the angles, as follows:
(2) dV =
1
2
∑
e
Ledθe ,
where the sum is over the edges of P , Le is the length of the edge e, and θe is its exterior dihedral angle.
There is also an interesting dual Shläi formula. Let
V ∗ = V −
1
2
∑
e
Leθe ,
be the dual volume of P , then, still under a rst-order deformation of P ,
(3) dV ∗ = −
1
2
∑
e
θedLe .
This follows from the Shläi formula (2) by an elementary omputation.
2.2. First-order variations of the volume of the onvex ore. In many ways, the onvex ore of a
quasifuhsian manifold is reminisent of a polyhedron, with the edges and their exterior dihedral angles being
replaed by a measured lamination desribing the pleating of the boundary, see e.g. [Thu80, EM86℄.
Bonahon [Bon98a℄ has extended the Shläi formula to this setting as follows. LetM be a onvex o-ompat
hyperboli manifold (for instane, a quasifuhsian manifold), let µ be the indued metri on the boundary of
the onvex ore, and let λ be its measured bending lamination. By a rst-order variation of M we mean a
rst-order variation of the representation of the fundamental group of M . Bonahon shows that the rst-order
variation of λ under a rst-order variation of M is desribed by a transverse Hölder distribution λ′, and there
is a well-dened notion of length of suh transverse Hölder distributions. This leads to a version of the Shläi
formula.
Lemma 2.1 (The Bonahon-Shläi formula [Bon98a℄). The rst-order variation of the volume VC of the onvex
ore of M , under a rst-order variation of M , is given by
dVC =
1
2
Lµ(λ
′) .
Here λ′ is the rst-order variation of the measured bending lamination, whih is a Hölder oyle so that its
length for µ an be dened, see [Bon96, Bon97, Bon98a, Bon98b℄.
2.3. The dual volume. Just as for polyhedra above, we dene the dual volume of the onvex ore of M as
V ∗C = VC −
1
2
Lµ(λ) .
Lemma 2.2 (The dual Bonahon-Shläi formula). The rst-order variation of V ∗ under a rst-order variation
of M is given by
dV ∗C = −
1
2
L′µ(λ) .
This formula has a very simple interpretation in terms of the geometry of Teihmüller spae: up to the fator
−1/2, dV ∗ is equal to the pull-bak by δ of the Liouville form of the otangent bundle T ∗TH . Note also that
this formula an be understood in an elementary way, without referene to a transverse Hölder distribution:
the measured lamination λ is xed, and only the hyperboli metri µ varies. The proof we give here, however,
is based on Lemma 2.1 and thus on the whole mahinery developed in [Bon98a℄.
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Theorem 1.4 is a diret onsequene of Lemma 2.2: sine dV ∗C oinides with the Liouville form of T
∗TH(∂N)
on i(G(N)), it follows immediately that i(G(N)) is Lagrangian for the sympleti form ωH on T
∗TH(∂N).
Proof of Lemma 2.2. Thanks to Lemma 2.1 we only have to show a purely 2-dimensional statement, valid for
any losed surfae S of genus at least 2: that the funtion
L : T ×ML → R
(µ, λ) 7→ Lµ(λ)
admits diretional derivatives, and that its derivative with respet to a tangent vetor (µ′, λ′, ) is equal to
(4) Lµ(λ)
′ = L′µ(λ) + Lµ(λ
′) .
Two speial ases of this formula were proved by Bonahon: when µ is kept onstant [Bon97℄ and when λ is kept
onstant [Bon96℄.
To prove equation (4), suppose that µt, λt depend on a real parameter t hosen so that the derivatives µ
′
t, λ
′
t
exist for t = 0, with
dµt
dt |t=0
= µ′ ,
dλt
dt |t=0
= λ′ .
We an also suppose that (mt) is a smooth urve for the dierentiable struture of Teihmüller spae. We an
then deompose as follows :
Lµt(λt)− Lµ0(λ0)
t
=
Lµt(λt)− Lµ0(λt)
t
+
Lµ0(λt)− Lµ0(λ0)
t
.
The seond term on the right-hand side onverges to Lµ(λ
′) by [Bon97℄ so we now onentrate on the rst term.
To prove that the rst term onverges to L′µ(λ), it is suient to prove that L
′
µ(λ) depends ontinuously
on µ, µ′ and on λ. This an be proved by a nie and simple argument, whih was suggested to us by Franis
Bonahon. µ an be replaed by a representation of the fundamental group of S in PSL2(C), as in [Bon96℄. For
xed λ, the funtion µ → Lµ(λ) is then holomorphi in µ, and ontinuous in λ. Sine it is holomorphi, it is
ontinuous with respet to µ and to µ′, and the result follows. 
2.4. A otangent spae interpretation. Here we sketh for ompleteness the argument showing that the
map δ : TH ×ML→ T
∗TH dened in the introdution is a homeomorphism. This is equivalent to the following
statement.
Lemma 2.3. Let m0 ∈ TH be a hyperboli metri on S. For eah otangent vetor u ∈ T
∗
m0
TH , there exists a
unique l ∈ ML suh that the dierential of the funtion m 7→ dLm(l) is equal to u at m0.
Proof. Wolpert [Wol83℄ disovered that the Weil-Petersson sympleti form on TH has a remarkably simple
form in Fenhel-Nielsen oordinates:
ωWP =
∑
i
dLi ∧ dθi ,
where the sum is over the simple losed urves in the omplement of a pants deomposition of S. A diret
onsequene is that, given a weighted multiurve w on S, the dual for ωWP of the dierential of the length Lw
of w is equal to the innitesimal frational Dehn twist along w.
This atually extends when w is replaed by a measured lamination λ, with the innitesimal frational Dehn
twist replaed by the earthquake vetor along λ, see [Wol85, SB01℄. So the Weil-Petersson sympleti form
provides a duality between the dierential of the lengths of measured laminations and the earthquake vetors.
Moreover the earthquake vetors assoiated to the elements ofML over TmTH for all m ∈ TH (see [Ker83℄),
it follows that the dierentials of the lengths of the measured laminations over T ∗mTH . 
Note that this argument extends diretly to hyperboli surfaes with one singularities, when the one angles
are less than π. In that ase the fat that earthquake vetors still span the tangent to Teihmüller spae follows
from [BS06℄.
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2.5. Proof of Lemma 1.1. Lemma 1.1 is mostly a onsequene of the tools developed by Bonahon in [Bon96,
Bon98℄. We rst reall some of his results. Given a lamination λ on S, he dened the spae H(λ,R) of
real-valued transverse oyles for λ, and proved that it is related to measured laminations in interesting ways.
• If l ∈ML and λ is a lamination whih ontains the support of l, then l denes a real-valued transverse
oyle on λ (see [Bon96℄).
• Transverse oyles an be used to dene a polyhedral tangent one to ML at a point l. Given a
lamination λ ontaining the support of l, the transverse oyles on λ satisfying a positivity ondition
(essentially, that the transverse measure remains positive) an be interpreted as tangent vetors to
ML at l, i.e., veloities at 0 of urves in ML starting from l. The laminations ontaining the support
of l therefore orrespond to the faes of the tangent one to ML at l.
• There is a well-dened notion of length of a transverse oyle h for a hyperboli metri m on S,
extending the length of a measured lamination. If l ∈ ML then Lm is tangentiable at l, if λ is a
lamination ontaining the support of l, and if h ∈ H(λ,R), then Lm(h) is equal to the rst-order
variation of Lm(l) under the deformation of l given by h.
Transverse oyles are also related to pleated surfaes.
• Transverse oyle provide shear oordinates on Teihmüller spae. Given a referene hyperboli
metri m0 ∈ TH and another hyperboli metri m ∈ TH , there is a unique element h0 ∈ H(λ,R) suh
that shearing m0 along h yields m. The elements of H(λ,R) whih an be obtained in this way have
a simple haraterization in terms of a positivity ondition.
• Transverse oyles also desribe the bending of a pleated surfae: H(λ,R/2πZ) is in one-to-one orre-
spondene with the spae of equivariant pleated surfaes of given indued metris for whih the support
of the pleating lous is ontained in λ.
• Pleated surfaes with pleating lous ontained in λ are assoiated to a omplex-valued transverse oyle
h ∈ H(λ,C/2πiZ), with real part desribing the indued metri (in terms of its shear oordinates with
respet to a given referene metri) and imaginary part desribing the bending measure.
Eah pleated equivariant surfae in H3 denes a representation of its fundamental group in PSL(2,C). In
the neighbhorhood of a onvex pleated surfae, this representation is the holonomy representation of a omplex
projetive struture. If the indued metri and measured bending lamination of the onvex pleated surfae are
m ∈ TH and l ∈ ML respetively, if λ ontains the support of l, and if l is the projetion of l in H(λ,R/2πZ),
there is a well-dened map from H(λ,C/2πiZ) to CP dened in the neighborhood of il, sending a omplex-
valued transverse oyle h to the omplex projetive struture σ of the pleated surfae obtained from h. This
map is dierentiable, taking its tangent at il yields a map
φλ : H(λ,C)→ TσCP .
Theorem 2.4 (Bonahon [Bon98℄). The map φλ is omplex-linear (with respet to the omplex struture on
CP).
However, a pleated surfae is also desribed by its indued metri and measured bending lamination, and
thus an element of TH ×ML. Using the map δ : TH ×ML → T
∗TH dened above, we obtain a map, dened
in the neighborhood of il, from H(λ,C/2πiZ) to T ∗TH , whih by denition is also dierentiable. Taking the
dierential of this map yields another linear map
ψλ : H(λ,C)→ T
∗TH .
The denitions (and the arguments of [Bon96, Bon98℄) then show that φλ ◦ ψ
−1
λ is partially equal to the
tangent map of Gr ◦ δ−1, in the following sense. Let m ∈ TH , and let u ∈ T
∗
mTH , and let (m, l) = δ
−1(m,u) ∈
TH ×ML. Let then (m˙, u˙) ∈ T(m,u)(T
∗TH), and let l˙ be the tangent vetor to ML at l orresponding to u˙.
There is then a lamination λ ontaining the support of both l and l˙, and φλ ◦ ψ
−1
λ (m˙, u˙) = T (Gr ◦ δ
−1)(m˙, u˙).
Its denition shows that φλ ◦ ψ
−1
λ is linear. So, to prove that Gr ◦ δ
−1
is dierentiable, it is suient to show
that φλ ◦ ψ
−1
λ does not depend on λ.
We now onsider a xed lamination λ ontaining the support of l, and a variation (m˙, u˙) induing a variation
l˙ of l with support ontained in λ. To (m˙, l˙) is assoiated, through Bonahon's shear-bend oordinates, a omplex
transverse oyle h ∈ H(λ,C), with real part h0 orresponding to m˙ and imaginary part orresponding to l˙.
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The rst-order variation of σ orresponding to m˙, φλ ◦ψ
−1
λ (m˙, 0), is shown in [Bon98℄ to be independent of λ,
atually the following is learly equivalent to Lemma 13 in [Bon98℄.
Lemma 2.5 (Bonahon). For xed l ∈ML, the restrition map Grl : T → CP is C
1
.
We now fous on l˙, and on the orresponding imaginary part h1 of the transverse oyle h. We have already
realled that Lm(h1) = Lm(l)
′
, where the prime denotes the rst-order variation under the tangent vetor to
ML at l orresponding to h1. It follows that for any m
′ ∈ TmTH , u˙(m
′) = dL·(h1)(m
′). However it was proved
in [Bon96℄ that dL·(h1)(m
′) = ωWP (m
′, eh1), where ωWP is the Weil-Petersson sympleti form on TH and eh1
is the tangent vetor to TH at m orresponding to the innitesimal shear along h1. So eh1 is the dual of u˙ for
the sympleti form ωH on T
∗TH , we write this as eh1 = u˙
∗
(the star stands for the Weil-Petersson sympleti
duality).
We an now apply Theorem 2.4, and onlude that
(5) (φλ ◦ ψ
−1
λ )(0, u˙) = φλ(ih1) = iφλ(h1) = i(φλ ◦ ψ
−1
λ )(eh1 , 0) = i(φλ ◦ ψ
−1
λ )(u˙
∗, 0) = idGrl(u˙
∗) .
In partiular, (φλ ◦ ψ
−1
λ )(0, u˙) is independent of λ by Lemma 1.1, so that φλ ◦ ψ
−1
λ is linear, and therefore
Gr ◦ δ−1 is dierentiable.
The fat that Gr ◦ δ−1 is atually C1 then follows from Theorem 2.4 applied twie, one for the rst-order
variations of the metri and another time, through the omposition (5), for the rst-order variation of u˙ (resp.
l˙).
Note that this map Gr◦δ−1 is probably not C2. This is indiated by the fat, shown by Bonahon in [Bon98℄,
that the omposition of the inverse grafting map Gr−1 : CP → TH ×ML with the projetion on the rst fator
is C1 but not C2.
3. The renormalized volume
3.1. Denition. We reall in this setion, very briey, the denition and one key property of the renormalized
volume of a quasifuhsian  or more generally a geometrially nite  hyperboli 3-manifold; more details an
be found in [KS08℄. The denition an be made as follows. Let M be a quasifuhsian manifold and let K be
a ompat subset whih is geodesially onvex (any geodesi segment with endpoints in K is ontained in K),
with smooth boundary.
Denition 3.1. We all
W (K) = V (K)−
1
4
∫
∂K
Hda ,
where H is the mean urvature of the boundary of K.
Atually K denes a metri I∗ on the boundary of M . For ρ > 0, let Sρ be the set of points at distane ρ
from K, then (Sρ)ρ> is an equidistant foliation of M \K. It is then possible to dene a metri on ∂M as
(6) I∗ := lim
ρ→∞
2e−2ρIρ ,
where Iρ is the indued metri on Sρ. Then I
∗
is in the onformal lass at innity of M , whih we all c∞.
Dened in this way, both I∗ and W are funtions of the onvex subset K. However K is itself uniquely
determined by I∗, and it is possible to onsider W as a funtion of I∗, onsidered as a metri in ∂M in the
onformal lass at innity c∞, although suh a metri in c∞ is not neessarily assoiated to a onvex subset of
M . The reason for this is that eah metri I∗ ∈ c∞ is assoiated to a unique foliation of a neighborhood of
innity in M by equidistant onvex surfaes (Sρ)ρ≥ρ0 , see [Eps84, Eps86, Sh02℄ or Theorem 5.8 in [KS08℄ (this
foliation does not always extend to ρ→ 0, whih would mean that it is the equidistant foliation from a onvex
subset with boundary S0).
To understand the onstrution ofW in this setting we need to revert to another denition of the renormalized
volume as it is dened for higher-dimensional onformally ompat Einstein manifolds. If Vρ is the volume of
the set of points of M at distane at most ρ from K, then Vρ behaves as ρ→∞ as
Vρ = V2e
2ρ + V1ρ+ V0 + ǫ(ρ) ,
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where lim0 ǫ = 0. It is proved by C. Epstein in [PP01℄ (see also [KS07℄) that V0 =W (as dened above) is equal
to V0, while V1 depends only on the topology of M (it is equal to −πχ(∂M)). Suppose now that K is replaed
by
Kr = {x ∈M | d(K,x) ≤ r} .
Let V ρ be the volume of the set of points at distane at most ρ from Kr, then learly
V ρ = Vρ+r = V2e
2(ρ+r) + V1(ρ+ r) + V0 = (V2e
2r)e2ρ + V1ρ+ (V0 + V1r) + ǫ(ρ) ,
so that V0 is replaed by V 0 = V0 + V1r. This means that W an be read o from any of the surfaes Vρ, sine,
for any ρ > 0,
W = Vρ −
1
4
∫
Sρ
Hda+ πχ(∂M)ρ .
Starting from a metri I∗ in the onformal lass at innity c∞, there is an assoiated equidistant foliation by
onvex surfaes (Sρ)ρ≥ρ0 of a neighborhood of innity in M , and the previous formula an be used to dene W
even if the foliation does not extend to ρ → 0. As a onsequene, W denes a funtion, still alled W , whih,
to any metri I∗ ∈ c∞, assoiates a real number W (I
∗).
Lemma 3.2 (Krasnov [Kra00℄, Takhtajan, Teo [TT03℄, see also [TZ87℄). Over the spae of metris I∗ ∈ c∞ of
xed area, W has a unique maximum, whih is obtained when I∗ has onstant urvature.
This, along with the Bers double uniformization theorem, denes a funtion VR : T (∂M) → R, sending a
onformal struture on the boundary of M to the maximum value of W (I∗) when I∗ is in the xed onformal
lass of metris and is restrited to have area equal to −2πχ(∂M). This number VR is alled the renormalized
volume of M .
3.2. The rst variation of the renormalized volume. The rst variation of the renormalized volume
involves a kind of Shläi formula, in whih some terms appear that need to be dened. One suh term is the
seond fundamental form at innity II∗ assoiated to an equidistant foliation in a neighbourhood of innity, as
in the previous subsetion. The denition omes from the following lemma, taken from [KS08℄.
Lemma 3.3. Given an equidistant foliation as above, there is a unique bilinear symmetri 2-form II∗ on ∂M
suh that, for ρ ≥ ρ0,
Iρ =
1
2
(e2ρI∗ + 2II∗ + e−2ρIII∗) ,
where III∗ = II∗I−1II∗, that is, III∗ = I∗(B∗·, B∗·) where B∗ : T∂M → T∂M is the bundle morphism, self-
adjoint for I∗, suh that II∗ = I∗(B∗·, ·).
The rst variation of W under a deformation of M or of the equidistant foliation is given by another lemma
from [KS08℄, whih an be seen as a version at innity of the Shläi formula for hyperboli manifolds with
boundary found in [RS00, RS99℄.
Lemma 3.4. Under a rst-order deformation of the hyperboli metri on M or of the equidistant foliation lose
to innity, the rst-order variation of W is given by
dW = −
1
4
∫
∂M
〈
dII∗ −
H∗
2
dI∗, I∗
〉
da∗ ,
where H∗ := tr(B∗) and da∗ is the area form of I∗.
The seond fundamental form at innity, II∗, is atually quite similar to the usual seond fundamental form
of a surfae. It satises the Codazzi equation
d∇
∗
II∗ = 0 ,
where ∇∗ is the Levi-Cività onnetion of I∗, as well as a modied form of the Gauss equation,
trI∗(II
∗) = −K∗ ,
where K∗ is the urvature of I∗. The proof an again be found in [KS08℄ (setion5). A diret onsequene is
that, if I∗ has onstant urvature −1, the trae-less part II∗0 of II
∗
is the real part of a holomorphi quadrati
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dierential on ∂M for the omplex struture of I∗. In addition, the rst-order variation of VR follows from
Lemma 3.4.
Lemma 3.5. In a rst-order deformation of M ,
dVR = −
1
4
∫
∂M
〈dI∗, II∗0 〉da
∗ .
This statement is very lose in spirit to Lemma 2.2, with the dual volume of the onvex ore replaed by
the renormalized volume. The right-hand term is, up to the fator −1/4, the Liouville form on the otangent
bundle T ∗TC(∂M).
A simple proof of Theorem 1.5. We have just seen that dVR oinides (up to the onstant −1/4) with the
Liouville form of T ∗TC(∂M) on j(G). It follows that the sympleti form of T
∗TC(∂M) vanishes on j(G(∂M)),
whih is preisely the statement of the theorem. 
4. The relative volume of hyperboli ends
4.1. Denition. We onsider in this part yet another notion of volume, dened for (geometrially nite)
hyperboli ends rather than for hyperboli manifolds. Here we onsider a hyperboli end M . The denition of
the renormalized volume an be used in this setting, leading to the relative volume of the end. We will write
that a geodesially onvex subset K ⊂M is a ollar if it is relatively ompat and ontains the metri boundary
∂0M of M (possibly all geodesially onvex relatively ompat subsets of M are ollars, but it is not neessary
to onsider this question here). Then ∂K ∩M is a loally onvex surfae in M .
The relative volume of M is related both to the (dual) volume of the onvex ore and to the renormalized
volume; it is dened as the renormalized volume, but starting from the metri boundary of the hyperboli end.
We follow the same path as for the renormalized volume and start from a ollar K ⊂M . We set
W (K) = V (K)−
1
4
∫
∂K
Hda+
1
2
Lµ(λ) ,
where H is the mean urvature of the boundary of K, µ is the indued metri on the metri boundary of M ,
and λ is its measured bending lamination.
As for the renormalized volume we dene the metri at innity as
I∗ := lim
ρ→∞
2e−2ρIρ ,
where Iρ is the set of points at distane ρ from K. The onformal struture of I
∗
is equal to the anonial
onformal struture at innity c∞ of M .
Here again, W only depends on I∗. Not all metris in c∞ an be obtained from a ompat subset of E,
however all metris do dene an equidistant foliation lose to innity in E, and it still possible to dene W (I∗)
even when I∗ is not obtained from a onvex subset of M . So W denes a funtion, still alled W , from the
onformal lass c∞ to R.
Lemma 4.1. For xed area of I∗, W is maximal exatly when I∗ has onstant urvature.
The proof follows diretly from the arguments used in [KS08℄ (setion 7) so we do not repeat the proof
here. This proof takes plae entirely on the boundary at innity so that onsidering a hyperboli end or a
geometrially nite hyperboli manifold has no impat.
Denition 4.2. The relative volume VR of M is W (I
∗) when I∗ is the hyperboli metri in the onformal lass
at innity on M .
4.2. The rst variation of the relative volume.
Proposition 4.3. Under a rst-order variation of the hyperboli end, the rst-order variation of the relative
volume is given by
(7) V ′R =
1
2
L′µ(λ) −
1
4
∫
∂∞E
〈I∗′, II∗0 〉da
∗ .
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The proof is based on the arguments desribed above, both for the rst variation of the renormalized volume
and for the rst variation of the volume of the onvex ore. Some preliminary denitions are required.
Denition 4.4. A polyhedral ollar in a hyperboli end M is a ollar K ⊂ M suh that ∂K ∩ M is a
polyhedral surfae.
Lemma 4.5. Let K be a polyhedral ollar in M , let Le, θe be the length and the exterior dihedral angle of edge
e in ∂K ∩M . In any deformation of E, the rst-order variation of the measured bending lamination on the
metri boundary of M is given by a transverse Hölder distribution λ′. The rst-order variation of the volume
of K is given by
2V ′ =
∑
e
Ledθe − Lµ(λ
′) .
Proof. This is very lose in spirit to the main result of [Bon98a℄, with the dierene that here we onsider a
ompat domain bounded on one side by a pleated surfae, on the other by a polyhedral surfae. The argument
of [Bon98a℄ an be followed line by line, keeping one surfae polyhedral (of xed ombinatoris, say) while on
the other boundary omponent the approximation arguments of [Bon98a℄ an be used. 
Corollary 4.6. Let V ∗(K) := V (K) + (1/2)Lµ(λ), then, in any deformation of K
2V ∗′ =
∑
e
Ledθe + L
′
µ(λ) .
Proof. We have seen in the proof of Lemma 2.1 that Lµ(λ)
′ = L′µ(λ) + Lµ(λ
′). So the orollary follows from
Lemma 4.5 exatly as Lemma 2.2 follows from Lemma 2.1. 
It is possible to dene the renormalized volume of the omplement of a polyhedral ollar in a hyperboli end,
in the same way as for quasifuhsian manifolds above. Let C be a losed polyhedral ollar in the hyperboli
end M , and let D be its omplement. Let K ′ be a ompat geodesially onvex subset of M ontaining C in
its interior, and let K := K ′ ∩D. We dene
W (K) = V (K)−
1
4
∫
D∩∂K
Hda .
In addition K denes a metri at innity, I∗, aording to (6), and the arguments explained after Lemma 3.1
show that K is uniquely determined by I∗, so that W an be onsidered as a funtion of I∗, a metri in the
onformal lass at innity of M . (In general, as explained in subsetion 3.1, I∗ only denes an equidistant
foliation near innity whih might not extend all the way to K.) The rst-variation of W with respet to I∗
shows (as in [KS08℄) that W (I∗) is maximal, under the onstraint that I∗ has xed area, if and only if I∗ has
onstant urvature. We then dene the renormalized volume VR(D) as the value of this maximum.
Lemma 4.7. Under a rst-order deformation of D, the rst-order variation of its renormalized volume is given
by
VR(D)
′ = −
1
4
∫
∂∞D
〈
II∗0 , I
∗′
〉
da∗ +
1
2
∑
e
Leθ
′
e .
Here Le and θe are the length and exterior dihedral angle of edge e of the (polyhedral) boundary of D.
Proof. The proof an be obtained by following the argument used in [KS08℄, the fat that D is not omplete
and has a polyhedral boundary just adds some terms relative to this polyhedral boundary in the variations
formulae. 
Proof of Proposition 4.3. The statement follows diretly from Corollary 4.6 applied to a polyhedral ollar and
from Lemma 4.7 applied to its omplement, sine the terms orresponding to the polyhedral boundary between
the two anel. 
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4.3. Proof of Theorem 1.2. Sine hyperboli ends are in one-to-one orrespondene with CP 1-strutures, we
an onsider the relative volume VR as a funtion on CP. Let βH (resp. βC) be the Liouville form on T
∗TH
(resp. T ∗TC). We an onsider the omposition δ ◦Gr
−1 : CP → T ∗TH , it is C
1
and it pulls bak βH as
(δ ◦Gr−1)∗βH = L
′
µ(λ) .
Under the identiation of CP with T ∗TC through the Shwarzian derivative, the expression of βC is
βC =
∫
∂∞M
〈I∗′, II∗0 〉da
∗ .
So Proposition 4.3 an be formulated as
dVR =
1
2
(δ ◦Gr−1)∗βH −
1
4
βC ,
and it follows that 2(δ ◦Gr−1)∗ωH = ωC .
4.4. The Fuhsian slie vs Bers slies. Here we prove for the reader's onveniene that the identiation
onsidered here between CP and T ∗TC , based on the Fuhsian slie, determines the same sympleti struture
on CP as the identiation based on a Bers slie, as used e.g. in [Kaw96℄. We onsider a xed onformal
struture c− ∈ T . Then, for eah c ∈ T , we all σc−(c) the omplex projetive struture on the upper boundary
at innity of the (unique) quasifuhsian manifold for whih the lower onformal metri at innity is c− and the
upper onformal metri at innity is c. The Shwarzian derivative of the identity map from (S, σc−) to (S, σ)
is a holomorphi quadrati dierential on S, and an be onsidered as a point of the (omplexied) otangent
spae T ∗c TC . Taking its real part denes a map from CP to T
∗TC , whih we an use to pull bak the otangent
sympleti map on T ∗TC to a sympleti form ωc− on CP. Reall that the sympleti form ωC onsidered in
the paper is obtained in the same manner, but using the Fuhsian omplex projetive struture σ0 rather than
the omplex projetive struture of the Bers slie σc− .
Lemma 4.8. ωc− = ωC .
Proof. Consider σ ∈ CP and let c be its underlying omplex struture, let α0(σ) = S(Id : (S, σ0(c)) → (S, σ)),
and let αc−(σ) = S(Id : (S, σc−(c)) → (S, σ)). Both α0(σ) and αc−(σ) an be onsidered as vetors in the
(omplexied) otangent spae T ∗c TC . The properties of the Shwarzian derivative under omposition show that
α0(σ)− αc−(σ) = S(Id : (S, σ0(c))→ (S, σc−(c))). So α0(σ)− αc−(σ) depends only on the underlying omplex
struture c of σ (and on c−), and it denes a setion of the omplexied otangent bundle T
∗TC . By denition
this is preisely the setion alled θc− in [KS08℄ (after Theorem 8.8).
Still by onstrution, ωc− − ωC = Re(dαc− − dα0) = Re(dθc−). Aording to Proposition 8.9 of [KS08℄,
dθc− does not depend on c−. So dθc− an be omputed by hoosing c− = c (xed). An expliit omputation is
possible, see Proposition 8.10 in [KS08℄, it shows that for any two tangent vetors X,Y ∈ TcTC ,
(DXRe(θc−))(Y ) = 〈X,Y 〉WP ,
and it follows that d(Re(θc−)) = 0. So ωc− = ω0 as laimed. 
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